Classification of noncommutative conics associated to symmetric regular
  superpotentials by Hu, Haigang
ar
X
iv
:2
00
5.
03
91
8v
1 
 [m
ath
.R
A]
  8
 M
ay
 20
20
CLASSIFICATION OF NONCOMMUTATIVE CONICS ASSOCIATED TO
SYMMETRIC REGULAR SUPERPOTENTIALS
HAIGANG HU
Abstract. Let S be a 3-dimensional quantum polynomial algebra, and f ∈ S2 a central regular
element. The quotient algebra A = S/(f) is called a noncommutative conic. For the conic A,
there is a finite dimensional algebra C(A) which determines the singularity of A. Since we try
to find some pattern of the conic A, calculating the algebra C(A) is an important step. In this
paper, we mainly focus on the quantum polynomial algebras determined by symmetric regular
superpotentials except Type EC, and calculate the algebras C(A). It turns out in our cases, the
set of isomorphic classes of algebras C(A) coincides with the those of 4-dimensional commutative
Frobenius algebras.
1. Introduction
Let S be an n-dimensional quantum polynomial algebra (a quantum Pn−1 in [SmVdB, ShT]),
and f ∈ S2 a central regular element of S. The quotient algebra A := S/(f) is called a noncommu-
tative quadric hypersurface. Smith and Van den Bergh introduced a finite dimensional algebra C(A)
associated to A. Let MCMA be the stable category of graded maximal Cohen-Macaulay modules
over A, modC(A) the category of finitely generated right C(A)-modules, and Db(modC(A)) the
associated bounded derived category. Smith and Van den Bergh proved that MCMA is equivalent
to Db(modC(A)) as triangulated categories ([SmVdB, Proposition 5.2]). Let ProjA be the non-
commutative projective scheme of A, they also showed that if C(A) is semisimple, then ProjA is
smooth ([SmVdB, Proposition 5.2]). It turns out the algebra C(A) is an important tool to study
the quadric hypersurface A.
Let E be the quadratic dual of S. He and Ye introduced the notion of Clifford deformation of E
in [HY]. Write E = T (V )/(R) where V is a finite dimensional vector space. A Clifford deformation
E(θ) of E is a nonhomogeneous PBW deformation ([PolPos, Chapter 5]) defined by a certain linear
map θ : R→ k. He and Ye showed that a Clifford deformation is a strongly Z2-graded algebra and
its zero degree part E(θ)0 ∼= C(A) ([HY, Proposition 3.6 and 4.3]). They also showed that A is a
noncommutative isolated singularity if and only if E(θ) is semisimple as a Z2-graded algebra when
n ≥ 2 ([HY, Theorem 6.3]).
By observing the proof in [HY, Proposition 5.3], we find that if S is an even dimensional quantum
polynomial algebra, then C(A) is a Frobenius algebra. Thus a natural question is what happened
in the odd dimension case, and in this paper, we mainly focus on the 3-dimensional case.
We call A = S/(f) a noncommutative conic when S is a 3-dimensional quantum polynomial alge-
bra. In this paper, we consider S = D(ω) where ω ∈ Sym3(V ) is a symmetric regular superpotential
Key words and phrases. Quantum polynomial algebra, noncommutative conic, symmetric regular superpotential,
Frobenius algebra.
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and D(ω) is the derivation-quotient algebra of ω. The following is a main result in this paper (see
Theorem 5.4).
Theorem 1.1. For any 4-dimensional commutative Frobenius algebra A, there is a noncommutative
conic A = S/(f) where S is a 3-dimensional quantum polynomial algebra determined by a symmetric
regular superpotential and f ∈ S2 a central regular element, such that C(A) ∼= A.
This paper is organized as follows. In Section 2, we explain definitions and notations in this
paper and give some propositions we will need. In Section 3, we classify 4-dimensional commutative
Frobenius algebras up to isomorphism, and we have the following result (see Theorem 3.3).
Theorem 1.2. The following is a complete list of 4-dimensional commutative Frobenius algebras
up to isomorphism
k
4,k[x]/(x2)× k2,k[x]/(x2)× k[x]/(x2),k[x]/(x3)× k,k[x]/(x4),k[x, y]/(x2, y2).
In Section 4, we give some properties about symmetric regular superpotentials. Specifically, we
have the following result (see Theorem 4.3).
Theorem 1.3. Let S be an algebra associated to a symmetric regular superpotential except Type
EC and f ∈ S2 a central regular element. Let A = S/(f) be the noncommutative conic. Then A! is
commutative.
In Section 5, we give some calculation results about the algebras C(A) associated to symmetric
regular superpotentials except Type EC (see Table 3).
2. Preliminaries
Throughout this paper, k is an algebraically closed field with characteristic zero, and k× is the
subset of k consisting of nonzero elements. All algebras, vector spaces and tensor products are over
k. A graded algebra is a Z-graded algebra unless otherwise mentioned. A graded algebra A is said
to be locally finite if dim
k
An <∞ for all n ∈ Z. A connected graded algebra A is a graded algebra
with An = 0 for n < 0 and A0 = k.
Let V be a finite dimensional vector space, we write GL(V ) for the general linear group of V ,
and write T (V ) for the tensor algebra over V .
Let A be a connected graded algebra, we write GrA for the category of graded right A-modules
with morphisms preserving gradings, grA for the full subcategory of finitely generated graded right
A-modules. We say two graded algebras A,A′ are graded morita equivalent if there is an equivalence
of categories GrA ∼= GrA′. If in addition A is noetherian, let torA be the full subcategory of grA
consisting of finite dimensional graded right A-modules. When the quotient category qgrA :=
grA/ torA has finite global dimension, we will call A a noncommutative isolated singularity.
2.1. Quadratic algebras and Koszul algebras. Let V be a finite dimensional vector space. A
quadratic algebra A = T (V )/(R) is a quotient algebra of the tensor algebra T (V ) where R ⊂ V ⊗V .
The quadratic dual of A is the quadratic algebra A! := T (V ∗)/(R⊥) where V ∗ is the dual vector
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space and R⊥ ⊂ V ∗⊗V ∗ is the orthogonal complement of R. Since R∗ ∼= A!2, a linear map θ : R→ k
can be regarded as an element in A!2.
A locally finite connected graded algebra is called a Koszul algebra ([Pr]) if the trivial module
kA has a free resolution
· · · // Pn // · · · // P 1 // P 0 // k // 0
where Pn is a graded free module generated in degree n for each n ≥ 0. A Koszul algebra A is a
quadratic algebra, and its quadratic dual A! is also a Koszul algebra ([M-V, Theorem 1.7]).
2.2. Symmetric tensors. Let V be an n-dimensional vector space with a basis {x1, · · · , xn}. Let
Sym(m) be the symmetric group of degree m > 0, then there is a group action
Sym(m)× V ⊗m → V ⊗m, (σ, xi1 · · ·xim) 7→ xσ(i1) · · ·xσ(im).
We will call Symm(V ) = {v ∈ V ⊗m | σ · v = v for all σ ∈ Sym(m)} a symmetric tensor of order n.
Lemma 2.1. Let B =
∧
V be an exterior algebra, and let W ⊂ V ⊗ V be the subspace such
that B = T (V )/(W ), which is to say W is spanned by {xixj + xjxi | 1 ≤ i, j ≤ n}. Then
V ⊗W ∩W ⊗ V = Sym3(V ).
Proof. It is straightforward to check that Sym3(V ) ⊂ V ⊗W ∩W ⊗ V . Let w ∈ V ⊗W ∩W ⊗ V ,
and (12), (23) ∈ Sym(3).
(12) · w = (12) ·
(∑
i,j
aij(xixj + xjxi)⊗ vij
)
=
∑
i,j
aij(xjxi + xixj)⊗ vij = w
where aij ∈ k, vij ∈ V . Similarly, we have that (23) · w = w. On the other hand, note Sym(3) =
〈(12), (23)〉. Thus w ∈ Sym3(V ). 
Lemma 2.2. Let B = T (V )/(R) be a quadratic algebra. If B! is commutative, then
V ⊗R ∩R⊗ V ⊂ Sym3(V ).
Proof. Let W be the subspace spanned by {xixj + xjxi | 1 ≤ i, j,≤ n} . By Lemma 2.1, V ⊗W ∩
W ⊗ V = Sym3(V ). Note B! = T (V ∗)/(R⊥) is commutative implies that B! is a quotient algebra
of polynomial algebra T (V ∗)/(W⊥). It is equivalent to say that W⊥ ⊂ R⊥. Then R ⊂W . Thus
V ⊗R ∩R⊗ V ⊂ V ⊗W ∩W ⊗ V = Sym3(V ).

2.3. Frobenius algebras. Recall a Frobenius algebra ([Ko]) is a finite dimensional algebra A to-
gether with a pairing (−,−) : A×A → k which satisfies
(1) associative: (ab, c) = (a, bc),
(2) k-bilinear: (a1 + a2, b) = (a1, b) + (a2, b), (a, b1 + b2) = (a, b1) + (a, b2), (ka, b) = (a, kb) =
k(a, b),
(3) nondegenerate: (−, b) = 0 implies b = 0
where a, b, c ∈ A, k ∈ k. We will call such a pairing Frobenius pairing. Note for a Frobenius pairing,
the condition (−, b) = 0 implies b = 0 is equivalent to (a,−) = 0 implies a = 0 ([Ko, Lemma 2.2.4]).
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Example 2.3. Let λ ∈ k×. Then
lλ : k× k→ k, (a, b) 7→ λ(ab)
is a Frobenius pairing of k and thus k is a Frobenius algebra.
From the above example, we can see for a Frobenius algebra, it may have different Frobenius pair-
ings. However, in this paper, we will call two Frobenius algebras isomorphic if they are isomorphic
as k-algebras.
Lemma 2.4. [Ko, Exercise 7, Page 105] Let A,A′ be two algebras. Then A,A′ are both Frobenius
if and only if their product A×A′ is Frobenius.
2.4. Quantum polynomial algebras.
Definition 2.5. A noetherian connected graded algebra S is called a d-dimensional quantum poly-
nomial algebra if it satisfies
(1) the global dimension gldimS = d <∞,
(2) (Gorenstein condition) ExtiS(k, S)
∼=
®
k if i = d,
0 if i 6= d,
(3) HS(t) = (1− t)−d
where HS(t) :=
∑
n(dimk Sn)t
n is the Hilbert series.
When S satisfies conditions (1), (2) above, S is called an Artin-Schelter regular algebra ([AS]).
Note a quantum polynomial algebra S is Koszul ([ShT, Theorem 2.2]).
2.5. Potentials and derivation-quotient algebras. Let V be a vector space spanned by {x1, x2, x3}.
Let ω ∈ V ⊗3, we will call ω a potential. There are unique ωi ∈ V ⊗2 such that ω = ∑3i=1 xi ⊗ ωi.
Define ∂xiω := ωi for each xi. The derivation-quotient algebra of ω is defined by
D(ω) := T (V )/(∂x1ω, ∂x2ω, ∂x3ω).
Define a k-linear map
ϕ : V ⊗3 → V ⊗3, xi1 ⊗ xi2 ⊗ xi3 7→ xi2 ⊗ xi3 ⊗ xi1 .
Following the definitions in [MoSm1], if ϕ(ω) = ω, then ω is called a superpotential; if there exists
σ ∈ GL(V ) such that
(σ ⊗ id⊗ id)ϕ(ω) = ω,
then ω is called a twisted superpotential. By [D, BoScW, MoSm1], every 3-dimensional quantum
polynomial algebra S = T (V )/(R) is isomorphic to a derivation-quotient algebra D(ω) for some
unique twisted superpotenial ω ∈ V ⊗3.
Definition 2.6. For a potential ω ∈ V ⊗3,
(1) ω is called regular if D(ω) is a quantum polynomial algebra;
(3) ω is called symmetric if ω ∈ Sym3(V ).
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Let V be a vector space spanned by {x, y, z}. By [IMa, Proposition 3.1] and [Ma, Theorem 4.2],
there are 4 types of symmetric regular potentials ω ∈ V ⊗3 up to linear change of variables, they are
(2.1)
Type S : xyz + yzx+ zxy + xzy + zyx+ yxz,
Type S′ : xyz + yzx+ zxy + xzy + zyx+ yxz + x3,
Type NC : xyz + yzx+ zxy + xzy + zyx+ yxz + x3 + y3,
Type EC : xyz + yzx+ zxy + xzy + zyx+ yxz + ξ(x3 + y3 + z3)
where 0 6= ξ ∈ k is determined by so called j-invariant (since we will not discuss Type EC in this
paper, so I omit the explanation about ξ and j-invariant, for more details, see [Ma]). Clearly, above
potentials are all superpotentials. We write ωS , ωS′ , ωN for superpotentials of Type S, Type S
′,
Type NC respectively.
2.6. Noncommutative quadric hypersurfaces. Let S be a quantum polynomial algebra, and
f ∈ S2 a central regular element of S. The quotient algebra A = S/(f) is called a noncommutative
quadric hypersurface. When S is a 3-dimensional quantum polynomial algebra, we will call A a
noncommutative conic, or simply a conic. Smith and Van den Bergh defined the algebra ([SmVdB])
C(A) := A![(f !)−1]0
where f ! explained in the following proposition [SmVdB, Lemma 5.1, Proposition 5.2].
Proposition 2.7. Let S and A be defined above. Then
(1) A is a Koszul algebra,
(2) there is a central regular element unique up to scalar f ! ∈ A!2 such that A!/(f !) = S!,
(3) the algebra C(A) has finite dimension equal to dim
k
(S!)(2), i.e. dim
k
C(A) = 2n−1,
(4) two triangulated categories MCMA and Db(modC(A)) are equivalent.
(5) if C(A) is semisimple, then A is a noncommutative isolated singularity.
Thus, when S is a 3-dimensional quantum polynomial algebra, we have that dim
k
C(A) = 4. The
algebra C(A) is an important tool to study the noncommutative quadric hypersurface A.
2.7. Clifford deformations. Let E = T (V )/(R) be a Koszul Frobenius algebra, then its quadratic
dual S := E! is a Koszul Artin-Schelter regular algebra ([Sm, Proposition 5.1]). He and Ye defined
the Clifford deformation of E in their paper [HY, Definition 2.1].
Definition 2.8. Let θ : R → k be a linear map. If (θ ⊗ 1 − 1 ⊗ θ)(V ⊗ R ∩ R ⊗ V ) = 0, then we
call θ a Clifford map of the Koszul algebra E, and call the associative algebra
E(θ) := T (V )/(r − θ(r) : r ∈ R)
the Clifford deformation of E associated to θ.
We may view the tensor algebra T (V ) as a Z2-graded algebra by setting T (V )0 =
⊕
n≥0 V
⊗2n
and T (V )1 =
⊕
n≥1 V
⊗2n−1. Consider the Clifford deformation E(θ) = T (V )/(r − θ(r) : r ∈ R),
since R ⊂ V ⊗ V ⊂ T (V )0, it follows that the ideal (r − θ(r) : r ∈ R) is homogeneous. Therefore,
E(θ) is a Z2-graded algebra.
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A linear map θ : R → k is a Clifford map if and only if θ as an element in S is a central
element with degree two ([HY, Lemma 2.8]). Let f ∈ S2 be a central regular element, and let θf
be a Clifford map induced by f . Consider the quadric hypersurface A = S/(f). He-Ye proved the
following results ([HY, Proposition 3.5, Proposition 3.6, Proposition 4.3, Theorem 6.3]).
Proposition 2.9. Consider A = S/(f) and E(θf ). Then
(1) E(θf ) is a strongly Z2-graded algebra, and E(θf )0 ∼= C(A),
(2) A is a noncommutative isolated singularity if and only if E(θf ) is a semisimple Z2-graded
algebra.
3. 4-Dimensional Commutative Frobenius Algebras
Thanks to [Poo], we have a complete list of commutative local algebras with dimension ≤ 4 (see
Table 1).
Table 1. Commutative local algebras with dimension ≤ 4
Dimension Commutative local algebras
1 k
2 k[x]/(x2)
3 k[x]/(x3),k[x, y]/(x2, xy, y2)
4
k[x]/(x4),k[x, y]/(x2, xy, y3),k[x, y]/(x2, y2),
k[x, y, z]/(x2, y2, z2, xy, yz, zx)
Lemma 3.1. k,k[x]/(x2),k[x]/(x3),k[x]/(x4),k[x, y]/(x2, y2) are Frobenius.
Proof. For k, see Example 2.3. For the other cases, define linear maps
(3.2)
ϕ1 :k[x]/(x
2)→ k, 1 7→ 0, x 7→ 1;
ϕ2 :k[x]/(x
3)→ k, 1 7→ 0, x 7→ 0, x2 7→ 1;
ϕ3 :k[x]/(x
4)→ k, 1 7→ 0, x 7→ 0, x2 7→ 0, x3 7→ 1;
ϕ4 :k[x, y]/(x
2, y2)→ k, 1 7→ 0, x 7→ 0, y 7→ 0, xy 7→ 1.
Then (a, b)i := ϕi(ab) are Frobenius pairings of k[x]/(x
2),k[x]/(x3),k[x]/(x4),k[x, y]/(x2, y2) re-
spectively where i ∈ {1, 2, 3, 4} and a, b are elements in corresponding algebras. 
Lemma 3.2. k[x, y]/(x2, xy, y2),k[x, y]/(x2, xy, y3),k[x, y, z]/(x2, y2, z2, xy, yz, zx) are not Frobe-
nius.
Proof. Let A := k[x, y]/(x2, xy, y2). Assume A is Frobenius and (−,−) : A×A → k is a Frobenius
pairing. Consider x ∈ A, then there is a nonzero element ax ∈ A such that (x, ax) = c where c is a
nonzero element in k.
Since ax ∈ A, we can write ax = k + k1x+ k2y where k, k1, k2 ∈ k. Then we have
(x, ax) = (x, k + k1x+ k2y) = (x, k) + (x, k1x) + (x, k2y) = (x, k) + (x
2, k1) + (xy, k2) = (x, k).
Thus we can assume ax ∈ k without loss of generality. Thus by (x, ax) = c, we have (axc−1x, 1) = 1
where axc
−1 ∈ k. Let cx = axc−1.
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Similarly, for y ∈ A, there is a nonzero element cy ∈ k such that (cyy, 1) = 1. Consider cxx−cyy,
we can find that (cxx − cyy, a) = 0 for all a ∈ A. Which is a contradiction and thus A is not
Frobenius. The other cases are similar. 
By Table 1, Lemma 2.4, Lemma 3.1, and Lemma 3.2, we have the following result.
Theorem 3.3. The following is a complete list of 4-dimensional commutative Frobenius algebras
up to isomorphism
k
4,k[x]/(x2)× k2,k[x]/(x2)× k[x]/(x2),k[x]/(x3)× k,k[x]/(x4),k[x, y]/(x2, y2).
4. Symmetric Regular Superpotentials
Let S = T (V )/(R) = D(ω) be a 3-dimensional quantum polynomial algebra where V is a vector
space spanned by {x, y, z} and ω ∈ V ⊗3 is a regular twisted superpotential. Let Z(S)2 be the set
of central elements in S with degree 2.
Proposition 4.1. Let A = S/(f) be a noncommutative conic where f ∈ S2 is a central regular
element. If A! is commutative, then ω ∈ Sym3(V ).
Proof. Assume A! is commutative. Since A = S/(f), there is a central regular element f ! ∈ A!2
such that S! = A!/(f !) (Proposition 2.7). It implies that S! is commutative. By Lemma 2.2,
V ⊗R ∩R⊗ V ⊂ Sym3(V ). Moreover, by [MoSm2, Proposition 2.12], ω ∈ V ⊗ R ∩R ⊗ V . 
As discussed in the preliminary, we know there are only four types of symmetric regular super-
potentials. For the rest of the this paper, we will consider ωS , ωS′ , ωN . Their derivation-quotient
algebras are
(4.3)
D : = D(ωS) = k〈x, y, z〉/(xy + yx, yz + zy, zx+ xz),
D′ : = D(ωS′) = k〈x, y, z〉/(xy + yx, yz + zy + x2, zx+ xz),
N : = D(ωN ) = k〈x, y, z〉/(xy + yx, yz + zy + x2, zx+ xz + y2).
Lemma 4.2. Let S be an algebra in Equation 4.3, then Z(S)2 = {ax2 + by2 + cy2 | a, b, c ∈ k}.
Proof. We will give the calculation about N = k〈x, y, z〉/(xy+ yx, yz + zy+ x2, zx+ xz + y2). The
other cases are similar. First we claim that x2, y2, z2 ∈ Z(N)2. For x2, we have
x2x = x3 = xx2,
x2y = x(xy) = −x(yx) = −(xy)x = yx2,
x2z = x(xz) = −x(zx+ y2) = −(xz)x− xy2 = −(−zx− y2)x − xy2
= zx2 + (y2x− xy2) = zx2.
Similarly, we have
y2y = yy2, y2x = xy2, y2z = zy2,
z2z = zz2, z2x = xz2, z2y = yz2.
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Then we will show that the other elements in N with degree 2 are not central. It suffices to show
that if αxy+βyz+γzx ∈ Z(N)2 where α, β, γ ∈ k, then α = β = γ = 0. Assume there is a preorder
x > y > z, then we have the following unique representations according to the preorder
(αxy + βyz + γzx)x = αxyx+ βyzx+ γzx2 = −αx2y + βxyz − βy3 + γx2z,
x(αxy + βyz + γzx) = αx2y + βxyz + γxzx = αx2y + βxyz − γx2z − γxy2.
Thus if (αxy + βyz + γzx)x = x(αxy + βyz + γzx), then α = β = γ = 0. 
Every 3-dimensional quantum polynomial algebra is a domain, so every nonzero element is regular.
Theorem 4.3. Let S = T (V )/(R) be an algebra associated to symmetric regular superpotentials
except Type EC, and f ∈ S2 a central regular element. Let A = S/(f) be the noncommutative conic.
Then A! is commutative.
Proof. By assumption S = T (V )/(R) is an algebra in Equation 4.3, it implies that R is spanned by
{xy + yx, yz + zy + ax2, zx+ xz + by2} where a, b ∈ k. By Lemma 4.2 central regular elements in
S2 are all have the form αx
2 + βy2 + γz2 where α, β, γ ∈ k, thus the subspace RA of A such that
A = T (V )/(RA) is spanned by {xy+ yx, yz + zy+ ax2, zx+ xz + by2, αx2 + βy2 + γz2}. It follows
that {xy − yx, yz − zy, zx− xz} ⊂ R⊥A . Thus A! is commutative. 
Then we give the graded algebra automorphisms of D,D′, N without proof, since it’s calculation
of linear algebras.
Lemma 4.4. (1) GrAutD =

Ö
a 0 0
0 b 0
0 0 c
è
,
Ö
a 0 0
0 0 b
0 c 0
è
,
Ö
0 a 0
0 0 b
c 0 0
è
,
Ö
0 a 0
b 0 0
0 0 c
è
,
Ö
0 0 a
b 0 0
0 c 0
è
,
Ö
0 0 a
0 b 0
c 0 0
è∣∣∣∣∣∣∣ a, b, c ∈ k×

 .
(2) GrAutD′ =


Ö
a 0 0
0 b 0
0 0 c
è
,
Ö
a 0 0
0 0 b
0 c 0
è∣∣∣∣∣∣∣ a, b, c ∈ k
×,
a2 = bc

 .
(3) GrAutN =


Ö
a 0 0
0 b 0
0 0 c
è
,
Ö
0 a 0
b 0 0
0 0 c
è∣∣∣∣∣∣∣ a, b, c ∈ k
×,
a3 = b3 = c3

 .
For a pair (S, f) where S is a 3-diemensional quantum polynomial algebra and f ∈ S2 a central
regular element. We will say that two pairs are isomorphic (S, f) ∼= (S′, f ′) if there is an isomorphism
of graded algebras ϕ : S → S′ such that ϕ(f) = f ′.
Lemma 4.5. Let γ, γ′ ∈ k×. Then (D′, x2 + y2 + γz2) ∼= (D′, x2 + y2 + γ′z2) if and only if γ = γ′.
Proof. (⇐) Clear.
(⇒) Let γ, γ′ ∈ k×, assume ψ : (D′, x2+y2+γz2)→ (D′, x2+y2+γ′z2) is an isomorphism of pairs.
Since ψ ∈ GrAutD′ and by Lemma 4.4, ψ can be represented by
Ö
a 0 0
0 b 0
0 0 c
è
or
Ö
a 0 0
0 0 b
0 c 0
è
where a, b, c ∈ k×, a2 = bc. In the first case, we have ψ(x2 + y2 + γz2) = a2x2 + b2y2 + c2γz2 =
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x2 + y2 + γ′z2. It follows that a2 = 1, b2 = 1, c2γ = γ′. Then a2 = bc implies that c2 = 1, and thus
γ = γ′. In the second case, we have ψ(x2 + y2 + γz2) = a2x2 + b2z2 + c2γy2 = x2 + y2 + γ′z2. It
follows that a2 = 1, b2 = γ′, c2γ = 1. Then a2 = bc implies that 1 = a4 = b2c2 = γ′/γ, and thus
γ = γ′. 
Similarly, we have the following lemma.
Lemma 4.6. Let α, α′, β, β′ ∈ k×. Then (N,αx2 + βy2 + z2) ∼= (N,α′x2 + β′y2 + z2) if and only
if α′ = µ2α, β′ = µβ or α′ = µ2β, β′ = µα where µ is a primitive 3rd root of unity.
Proposition 4.7. The set of isomorphic classes of (S, f) associated to symmetric regular superpo-
tentials except Type EC are listed in the Table 2. Moreover, all central elements are reducible, and
we give the corresponding Clifford deformations.
Table 2. List of (S, f) up to isomorphism.
(S, f) f is reducible E(θf )
D
x2 xx k[x, y, z]/(x2 − 1, y2, z2)
x2 + y2 (x+ y)2 k[x, y, z]/(x2 − 1, y2 − 1, z2)
x2 + y2 + z2 (x+ y + z)2 k[x, y, z]/(x2 − 1, y2 − 1, z2 − 1)
D′
x2 xx k[x, y, z]/(x2 − yz − 1, y2, z2)
y2 yy k[x, y, z]/(x2 − yz, y2 − 1, z2)
x2 + y2 (x+ y)2 k[x, y, z]/(x2 − yz − 1, y2 − 1, z2)
y2 + z2 (x+ y + z)2 k[x, y, z]/(x2 − yz, y2 − 1, z2 − 1)
x2 + y2 + γz2
(
√
λx+ y +
√
γz)2
where λ = 1 +
√
γ
k[x, y, z]/(x2 − yz − 1, y2 − 1,
z2 − γ)
N
x2 xx k[x, y, z]/(x2 − yz − 1, y2 − xz, z2)
z2 zz k[x, y, z]/(x2 − yz, y2 − xz, z2 − 1)
x2 + y2 (x+ y)2 k[x, y, z]/(x2 − yz − 1, y2 − xz − 1, z2)
x2 + z2
(x+ λy + z)2
where λ = 12 (1±
√
5)
k[x, y, z]/(x2 − yz − 1, y2 − xz,
z2 − 1)
αx2 + βy2 + z2
(λx+ ζy + z)2
where λ = 12 (1 ±
√
1 + 4α),
ζ = 12 (1±
√
1 + 4β)
k[x, y, z]/(x2 − yz − α, y2 − xz − β,
z2 − 1)
* α, β, γ ∈ k×.
** E(θf ) is the Clifford deformation of E := S
! associated to θf .
*** For (D′, x2 + βy2 + γz2), (N,αx2 + βy2 + z2), see Lemma 4.5 and Lemma 4.6.
Proof. We will give the calculation about D′, and the other cases are similar. Let α, β, γ ∈ k×. By
Lemma 4.4,
GrAutD′ =


Ö
a 0 0
0 b 0
0 0 c
è
,
Ö
a 0 0
0 0 b
0 c 0
è∣∣∣∣∣∣∣ a, b, c ∈ k
×,
a2 = bc

 .
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It is clear that
(D′, αx2) ∼= (D′, x2),
(D′, βy2) ∼= (D′, y2) ∼= (D′, z2) ∼= (D′, γz2),
(D′, αx2 + βy2) ∼= (D′, x2 + y2) ∼= (D′, x2 + z2) ∼= (D′, αx2 + γz2),
(D′, αy2 + βz2) ∼= (D′, y2 + z2).
For (D′, αx2+βy2+γz2). Since (D′, αx2+βy2+γz2) ∼= (D′, x2+ βαy2+ γαz2). It suffices to consider
(D′, x2 + βy2 + γz2). Moreover, since (D′, x2 + βy2 + γz2) ∼= (D′, x2 + y2 + βγz2), we can consider
(D′, x2 + y2 + γz2) without loss of generality. Then we can use Lemma 4.5. On the other hand, it
is easy to see that
(D′, x2), (D′, y2), (D′, x2 + y2), (D′, y2 + z2), (D′, x2 + y2 + γz2)
are not isomorphic to each other. 
5. Noncommutative Conics and their Singularities
In this section, we consider noncommutative conics A associated to symmetric regular superpo-
tentials except Type EC, i.e. ωS , ωS′ , ωN .
Proposition 5.1. Let A,A′ be two noncommutative conics assoicated to symmetric regular super-
potentials except Type EC. Then the following are equivalent.
(1) A is graded morita equivalent to A′.
(2) A! ∼= A′! isomorphic as graded algebras.
(3) A ∼= A′ isomorphic as graded algebras.
Proof. (2)⇔ (3) By [MoU, Lemma 4.1].
(1)⇔ (2) By [MoU, Lemma 4.1], A is graded morita equivalent to A′ if and only if A! is graded
morita equivalent to A′!. By Theorem 4.3, A!, A′! are commutative algebras, thus by [B, Theorem
3.2], A! is graded morita equivalent to A′! if and only if A! ∼= A′! isomorphic as graded algebras. 
Theorem 5.2. The algebras C(A) associated to symmetric regular superpotentials except Type EC
are listed in the Table 3. Moreover, we give the corresponding algebras A!.
Proof. We will give the calculation about case N , the other cases are similar. By Proposition
2.9, we know that for a pair (S, f), the Clifford deformation E(θf ) is a Z2-graded algebra and
E(θf )0 ∼= C(A) where A = S/(f). Since we calculated the Clifford deformations associated to N
in Table 2, so we only need to figure out what the degree zero part of Clifford deformations E(θf )
should be.
For (N, x2), the associated Clifford deformation E(θf ) is k[x, y, z]/(x
2 − yz − 1, y2 − xz, z2). Its
degree zero part E(θf )0 is generated by xy, xz, yz. Let u = xy, then u
2 = xz, u3 = yz, and u4 = 0.
Thus the algebra C(A) is isomorphic to k[u]/(u4).
For (N, z2), the associated Clifford deformation E(θf ) is k[x, y, z]/(x
2 − yz, y2 − xz, z2 − 1). Its
degree zero part E(θf )0 is generated by xy, xz, yz. Let u = yz, then u
2 = xz, u3 = xy, u4 = 1. Thus
the algebra C(A) is isomorphic to k[u]/(u4 − 1) ∼= k4.
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Table 3. Algebras C(A) of D,D′, N .
(S, f) A! Conditions C(A)
D
x2 k[x, y, z]/(y2, z2) k[u, v]/(u2, v2)
x2 + y2 k[x, y, z]/(x2 − y2, z2) k[u]/(u2)×2
x2 + y2 + z2 k[x, y, z]/(x2 − y2, x2 − z2) k4
D′
x2 k[x, y, z]/(y2, z2) k[u, v]/(u2, v2)
y2 k[x, y, z]/(x2 − yz, z2) k[u]/(u4)
x2 + y2 k[x, y, z]/(x2 − yz − y2, z2) k[u]/(u2)×2
y2 + z2 k[x, y, z]/(x2 − yz, y2 − z2) k4
x2 + y2 + γz2
k[x, y, z]/(x2 − yz − y2,
y2 − γ−1z2)
γ = 1 k[u]/(u2)× k2
γ 6= 1 k4
N
x2 k[x, y, z]/(x2 − yz, z2) k[u]/(u4)
z2 k[x, y, z]/(x2 − yz, y2 − xz) k4
x2 + y2 k[x, y, z]/(x2 − y2 − yz + xz, z2) k[u]/(u2)×2
x2 + z2 k[x, y, z]/(x2 − z2 − yz, y2 − xz) k4
αx2 + βy2 + z2
k[x, y, z]/(x2 − yz − αz2,
y2 − xz − βz2)
∆α,β 6= 0 k4
α = µ 34 , β = µα k[u]/(u
3)× k
Otherwise k[u]/(u2)× k2
* α, β, γ ∈ k×, µ is a primitive 3rd root of unity.
** ∆α,β is defined in Equation 5.5.
For (N, x2+y2), the associated Clifford deformation E(θf ) is k[x, y, z]/(x
2−yz−1, y2−xz−1, z2).
Its degree zero part E(θf )0 is generated by xy, xz, yz. Let u = xy, v = yz, then uv = xz, v
2 = 0, u2 =
uv+v+1. Thus the algebra C(A) is isomorphic to k[u, v]/(u2−uv−v−1, v2). There is a complete
set of primitive central idempotents in C(A)
r :=
1
2
+
1
2
u− 1
4
v − 1
4
uv, r′ :=
1
2
− 1
2
u+
1
4
v +
1
4
uv.
In rC(A), note rv = ruv, r + rv = ru, rv2 = 0, thus rC(A) ∼= k[u]/(u2). Similarly, r′C(A) ∼=
k[u]/(u2). It follows that C(A) is isomorphic to k[u]/(u2)× k[u]/(u2).
For (N, x2 + z2), the associated Clifford deformation E(θf ) is
k[x, y, z]/(x2 − yz − 1, y2 − xz, z2 − 1).
Its degree zero part E(θf )0 is generated by xy, xz, yz. Let u = yz, then u
2 = xz, u3 = xy, u4 = u+1.
Thus the algebra C(A) is isomorphic to k[u]/(u4 − u− 1) ∼= k4.
For (N,αx2 + βy2 + z2) where α, β ∈ k×, the associated Clifford deformation E(θf ) is
k[x, y, z]/(x2 − yz − α, y2 − xz − β, z2 − 1).
Its degree zero part E(θf )0 is generated by xy, xz, yz. Let u = yz, then u
2 − β = xz, u3 − βu =
xy, u4 = 2βu2+ u− β2 +α. Thus the algebra C(A) is isomorphic to k[u]/(u4− 2βu2− u−α+ β2).
Thus C(A) is determined by the quartic equation
(5.4) u4 − 2βu2 − u− α+ β2 = 0
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which has discriminant
(5.5) ∆α,β = −27− 256α3 + 288αβ + 256α2β2 − 256β3.
When ∆α,β 6= 0, Equation 5.4 has no multiple root, and thus C(A) ∼= k4. A simple case is that
α = β = 1. Then we consider situations when Equation 5.4 has multiple roots. We claim that
Equation 5.4 has no quartic root or two double roots.
If Equation 5.4 has a quartic root a ∈ k. Then by (u− a)4 = u4 − 2βu2 − u− α+ β2, we have
−4a = 0,−4a3 = −1
which is a contradiction. If Equation 5.4 has two double roots a, b ∈ k, then by (u − a)2(u − b)2 =
u4 − 2βu2 − u− α+ β2, we have
−2(a+ b) = 0,−2ab(a+ b) = −1
which is a contradiction.
Assume Equation 5.4 has a triple root a ∈ k. Then by (u− a)3(u− b) = u4 − 2βu2 − u− α+ β2
where b ∈ k we have that
−3a− b = 0, 3a2 + 3ab = −2β,−3a3 − 3a2b = −1, a3b = α+ β2.
It follows that α = µ 34 , β = µα where µ is a primitive 3rd root of unity. In this case, C(A)
∼=
k[u]/(u3)× k.
The last situation is that Equation 5.4 has a single double root and thus C(A) ∼= k[u]/(u2)×k2.
After similar calculation as above, we find that there are infinite choices of α, β satisfy this condition.
A specific case is that α = β = − 14 . 
By Table 3 and Proposition 2.9, we have the following corollary immediately.
Corollary 5.3. Let α, β, γ ∈ k×. Then D/(x2+y2+z2), D′/(y2+z2), D′/(x2+y2+γz2), N/(z2), N/(x2+
z2), N/(αx2 + βy2 + z2) are noncommutative isolated singularities if γ 6= 1, ∆α,β 6= 0.
By Table 3 and Theorem 3.3, we have the following result.
Theorem 5.4. For any 4-dimensional commutative Frobenius algebra A, there is a noncommutative
conic A = S/(f) where S is a 3-dimensional quantum polynomial algebra determined by a symmetric
regular superpotential and f ∈ S2 a central regular element, such that C(A) ∼= A.
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